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Abstract-Bounds of vibration energy arc given in relation to a residual functional measuring the
degree of approximation of the vibrati'.ln tields. and a factor that can amplify or attenuate the
lIncert,linty bllllnds. The amplitication of energy unccrt'lint y is considerable ncar resonance
frelluem;ies.

t\ssummg ,I ,tallstical dislripution llf the error of descnption of the vibrations over the
eigenl1lodes (lfthe medium leads to a reduction in the uncertainty pounds. espcci.i1ly when the error
is distriputed over a large numper of modes.

The pounds (If energy can be used as a criterion of convergen.:e for modal expansion. TIle
application ttl aC<lustic response "f a square roOI1l sh"ws th'lt. for a given modal exp'll1sion. the
higher the energy level the petter the conveq.:ence.

I. INTRODUCTION

The predi\:tion or \:ontinuous lll\:dia vihrations. \:onsists or the \:akulation or str\:ss and
displa\:emcnt lidds resulting from for\:es cx\:itations. Gcnerally. approximations of thesc
lidds are ohtaincd. after whidlthe vihration state is imperre\:tly desaihcd. In such situations
the cnergy cakulatcd from approximate solutions. represents the exad vibration encrgy
with un\:ertainties. The aim of this paper is to provide rdations betweenun\:crtainty bounds
or energy and a measure or the imperfe\:tion or vibration fidds description.

The asslKiation or un\:ert,linty bounds with approximate solution has especially been
used to give bounds for eigenfrequencies (sec, for example, Fichera, 1965; Weinstein and
Stenger, IlJn; Finlayson. IlJn). In parti,;ular, the method used in this paper has been
previously applied to eigenfn.:quencies' bounding by Guyader (1987). In contrast, appli­
cation of this idea to vibration responses has not been used so much. However, it is possible
to mention papers by Skudrzik (1980, 1987). on the bounding of input admittance on
resonance and anti-resonance, and the works of Popplewell and Youssef (1979) and
Popplewell c( al. (1981), giving response maxima of vibrating systems excited by im­
perlc\:tly known forces. The method used in this study is based on the following ideas: a
continuous medium is considered, for which the exact solution perfectly describes the
vibration behavior; this will be called "the referen\:e problem". A functional is associated
with each stress and displacement fields in order to measure how these fields verify the
referen\:e problem equations. (Works of Nayrolcs (1971) and Ladeveze (1975) have been
used as ,I starting point to construct thc functiona1.] Then thc bounds of energy are
related to the functional value.

The general case is treated lirst, then two specific situations are studied:

--The case where the imperfection of description can be distributed over the vibration
modes following a probability density function.

-The case of normal mode expansion of solutions. A criterion of convergence for
truncated expansion is given.
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The method is finally applied to the calculation of responses of rectangular rooms
using normal mode expansion. The intluence of the number of terms in the expansion IS

analyzed versus the excitation frequency.

~. THE REFERE:-':CE PROBlE\t

The problem of a three-dimensional viscoelastic continuous medium is considered. The
governing equations for harmonic motion were derived by Mandel (1966).

Equation o(motiOfI

( I )

Stress-strai/l re/atio/l

Boundary ('o/ldi tiol/.\·

fT,/I, = 0 on S~

Notatio/l
V

n
u,

II, = () (111 5;".

volulll\: of the eontinuous medium
driving angular frequency
displaccment field
strcss field
== ~(1I4.1+1I/k): strain lidd
components of the houndary normal unit vector

houndary surface == .""" u S,
part of the houndary surf~lce where stresses are zero
part of the houndary surl~lce where displacements are zero
mass per unit volume
dastic constants
driving fon:e 'lInplitude
material damping loss factor

I
\,/ - I

(4)

(II,. (1". I:" and ./;. are complex l/uantities as a viscodastic medium is considered).

Notes:

(a) The stress strain relation (2) corresponds to the case of Voigt isotopic material
having equal damping loss f~lctor for Young and Coulomb Moduli.

(b) We assume that the solution (fT'I' 11,) is zero if and only if the driving force is zero.
This hypothesis exdudes the cases of pure dastic media at resonances and boundary
conditions allowing rigid motion.

Let us introduce the eigenmodes of vibration. that we shall usc later. We consider the
elastic media ohtained neglecting the damping in the stress-strain rdation. The pth cigcn­
mode is defined as the triplet (w,,, II,. 11'f,). which satislies rdations (5)-(8).

Equatio/l ofmotio/l

(5)
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Boundary conditions

Uncertainty bounds for energy of vibration fields

u':,nJ = 0 on S".

It: = 0 on Suo
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(6)

(7)

(8)

All quantities in eqns (5)-(8) are now real.
Orthogonality properties ofeigendisplacements and eigenstresses are given by the three

basic relations (9)-( II) :

with E,. heing the norm of mode p. and

(9)

( 10)

(11 )

if p = r

if p # r.
( 12)

3. FORMULATION OF TIlE PROBLEM USING ENERGY RESIDUAL FUNCTIONAL

Let us introduce the two spaces: 1:. sp'lce of admissible complex stress fields and U,
space of admissible complex displacement fields:

( 13)

( 14)

The pair (II,. 0",) solution of the problem (I )-(4) is element of the space product U x 1:.
In general, a pair (V" t'/) does not verify eqns (I) and (2) and thus is an approximate

solution of the problem. To estimate the quality of the approximation, we introduce a
functional to measure the degree of verification of eqns (I) and (2) by the particular pair
(V" t,,),

The stress -strain relation will be considered first. Following works of Nayroles (1971).
Ladevcze (1975) and Guyadcr (1987), we define the energy residual functional <Pc (V" t'l)
by:

<p,.: UX 1: -+ IR+

(V,. t'/) -+ <Pr( Vi' t i ) (15)
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Re { }: real part

)* : complex conjugate

e/c/ = !(V/c.l+ VI./c). (17)

The functional ¢J, is a quadratic form; and verifies the relations:

when

(18)

(19)

From a physical point of view. the functional represents a residual energy resulting
from the imperfect satisfaction of the stress-strain relation (~).

In the same way, the functional ¢JII( V" "') is introduced in order to measure the error
of satisfaction of the eq uation of motion (I) :

This functional is a residual kinetic energy. giving the degree of fullihnent. by a pair (V,.
T,,) of the equation of motion (I) :

rlll/(V,.T,,) == O=-',/./+flU2 V, +.1; = 0 in V

I/II/IV,.',) > O=-T".,+pU 2J;',+.I; 'lOin V.

The global fum:tional :

is a quadratic form. greater or equal to zero. such that:

(~I )

(22)

(23)

(24)

To find the solution of the reference problem consists in the determination of the stress
and displacement fields satisfying the boundary conditions and annulling the functional
¢J( V" .,). However, from a mathematical point of view, it is simpler to minimize a functional
than to annul it.

Thus Guyader (1987) introduced a formulation for the reference problem using the
residual functional 4):

find the pair (lI" (1,,) E U x r. such that:

(p(II,. (1;/) = min cp( V,. T, ). (25)

From a physical point of view. the solution is now obtained by looking for a smallest
residual as possible; if zero is reached the exact solution is found. while if the value of the
functional remains greater than zero an approximate solution is obtained.

The quality of an approximation can be estimated from the functional value, the
smaller the residual the better the approximation. Moreover it is possible to relate energy
uncertainty bounds to the functional value. as will be shown in the next section.
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4. KINETIC ENERGY UNCERTAINTY BOUNDS OF IMPERFECTLY DESCRIBED
DISPLACEMENT FIELDS

Let us introduce the following new functional, which, in fact, is a norm in the space
product U x 1::

II V" t'l II ~ =LRe {<-!I/-C}kl(1 + jr,>ekl) ~ ~~~ Cjjp~(tpq-Cpqrs(l + jr,)e..).} dv

+1. {(t jj•j +pn~ Vi) p~: (t'l.) +pn~ Vj ).} dv. (26)

There is an obvious relationship between the norm (26) and the residual functional </>( Vi.
t'l) ; it will be used in the following.

The stress and displacement fields are expanded over the eigenstress and eigen­
displacement fields of the elastic medium:

~

til = L a"t71
,,~ I

~

V, = L b"lf,.
"_ I

(27)

(28)

1I" and h" arc complex numbers. After substitution of modal expansion (27) and (28) into
(26) and using (9). (10) ami (II). we obtain:

(29)

En: is the norm of the nth mode.
Let us look now tit the kinetic energy of the displacement field VI:

(30)

Introduction of the modal expansion (28) into (30) and use of orthogonality properties
gives. after c'llculations :

(31)

In the Appendix. the following lower bound of the norm is obtained:

(32)

with

(33)
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and

CI.., = [ ~ +/'1 +,,: J'
(tl,; ...
n: (I +'1") + I

(34)

Comparison of expressions (32) and (31) shows that the lower bound of the norm is
the sum of the modal kinetic energies weighted by the 1~lctor f'". When f., > I, the cor­
responding mode has an inlluence on the norm lower bound. amplified compared to that
on the kinetic energy. When f., < I the opposite situation is observed. When f. = I the
mode has the same inlluence on the kinetic energy and the norm lower bound.

The weighting function f., is plotted versus n!w., in Fig. I. The three previous situations
arc possible depending on the driving frequency if:

(J)., < n f,,-I (35)

if

(U" ~n f,,-,/:/2=f.<1 (36)

if

w. > n (w'J I. (37)f. - n => f. >

In order to relate the kinetic energy and the norm, let us dc/inc the factor f as:

f = Min f •.
11." I. c

(38)

Using (31), (32) and (38) gives an upper bound for kinetic energy

T( V,) ~ IIV" r" i1:; f. (39)

This inequality is the oasis for the bounding of the cxact kinctic energy.
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The stress and displ;'lcemcnt fields considered previously ure written us the ditference
between the exact (Il lo a'/) and the approximate solutions: (ti,o a'/)

VI "" II, -Ii,.

It follows from (39), (40) ;.tnd (41), that the following relation holds:

A simple calcul'ltion shows that

(40)

(41 )

(42)

(43)

[One needs only to use (40) and (41) in (26) and remember that the exact solution verifies
(I) and (2).) It follows from (42) and (43) that:

The kinetil.: energy defined in (30) is the square of the norm of L 1( U). Thus one has:

,/T(~~J-JT(li,=--;;;)~ JT(II,) ~ JT(u,)+JT(li,-u,).

Then replucing nu, -Il,) with (44), one obtains:

------ j-----tf>(li a ) - --- ---- tf>(li a)
....!T(li,) - j--f-..:!- ~ JT(II,) ~ JT(li,) + ~ 'J .

(44)

(45)

(46)

These bounds on the kinetic energy depend only on the approximate solution (a,1' LiJ and
on the factor r : relation (46) gives an energy uncertainty range related to the imperfection of
d\."Scription of the vibration fields as measured by the residual functional.

Inequalities (46) show that the smaller the residual functional the narrower the bounds;
however, the factor r also plays an important role. Typical variations of the factor r versus
frequency arc plotted in Fig. 2. One can sec that r is strongly variable with frequency and
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takes a minimum value equal to ,,"/2. at resonance frequencies. As a consequence, for a
given measure of the imperfection of the vibration fields description (that is to say for a
given functional value), the energy uncertainty range is strongly amplified near resonance
frequencies, especially for low structural damping.

From a physical point of view, this tendency may be understood as a high sensitivity
of the vibration response of structures at resonances.

In the most general case, since the eigenfrequencies of the continuous medium are
unknown, it is then necessary to take into account the smaller value of r whatever the
frequency. that is to say ,,"(2. The uncertainty range is then amplified at each frequency
especially for weak damping. The bounds of kinetic energy now depend only on the
approximate solution (a,1' u,) and the structural loss factor,,:

IT(;) hA-.(li d) fT(;;) - /1A-.(li a )
T( .) - V -If' " 'J:!C T():!C I-T(·) + ,,-If' " ,j

" II, '" " II, ..... vi J II, .

'I "

5. UNCERTAINTY BOUNDS OF DEFORMATION ENERGY FOR IMPERFECTLY
DESCRIBED STRESS FIELDS

(47)

The calculations arc presented brictly, since the same procedure as in Section 4 for
kinetic energy must be employed in the present case. The deformation energy £(r,,) of the
stress tidd r,iE L is given by:

(4X)

(nsertion of the modal exp'lnsion (27) in this expression, gives after calculations:

(49)

(n the Appendix, the following result is demonstrated:

(50)

with

(51 )

and

Comparison of eqns (49) and (50) shows that inequality (53) holds:

£(r,,) ~ II Vi' r,,11 ZIt!.

(52)

(53)
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(54)

The previous relation (53) is formally identical to eqn (39) which is the basis for
bounding kinetic energy. Thus. following similar calculations as in Section 4. one obtains:

cf>(u,.O',)
~

(55)

Bounds of deformation energy have the same form as bounds for kinetic energy (46).
f is just replaced by ~. In addition. a comparison of ~. and f. shows that both quantities
take close values. in particular their minima are equal to ,,:/2.

In the general case. since the eigenfrequencies of the continuous media are unknown,
the following bounds of deformation energy are obtained:

(56)

The similarity of the results for kinetic and deformation energy makes it unnecessary to
study both cases. and in the following only kinetic energy will be studied, the extension to
deformation energy being obvious.

6. PROBABILISTIC ASPECT FOR UNCERTAINTY BOU:"DS OF KI:"ETIC ENERGY

From a physical point of view the kinetic energy bounds (47) are reached when the
error of description is concentrated on one mode excited at resonance. that is to say:

(57)

From a statistical point of view. such a situation is very improbable. and generally the
error of description is distributed over all modes. Then

(58)

where T.(II, -Ii,) is the modal kinetic energy of the ditference between exact and approximate
displacement fields.

Let us define the ratio lin. of modal to total error of kinetic energy:

h. = Tn (II, - ~i,) .
T(II, -II,)

It is obvious that h. is a real number, verifying:

0< h. < I

and

(59)

(60)

(61 )
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Using (59) and (32). one obtains:

Ila"-d,,.u,-ti, ~;::?: L f.h.T(u,-Li,).
11 -= I

Then. replacing the norm by the residual functional as stated in (43). gives:

T(L1, - tl,) :::; ¢(tl,. d,/)II'

";' = L fnh•.
n = I

(62)

(63)

(64)

Expression (63) is similar to (44). and as a consequence we obtain the kinetic energy
bounds in the same way as in Section 4 :

(65)

The value of;' depends on that of lin. that is to say on the distribution over the modes
of the error on kinetic energy. This distrihution depends on the case of interest. however it
is possihle to give an expected value of i'. replacing the previous deterministic presentation
hy the following statistical approach.

Let us consider the set n of the modes of the continuous medium and dc/ine the
probability II~ of mode fl to partil:ipate in the error on kinetil: energy with 0 < II~ < I :

L II;, = I.
,,-' I

Let us introduce the random variable ''/ :

j":n---->IR

modcn---->/(moden) = f n •

The expected value ofi is

E(/) = L f)I;,.
"'" I

(66)

The expressions i' and E(/) are similar. the ratio lin being replaced by the probability
II~. Thus. E(y') can be interpreted as a statistical estimation ofi'. and the following statistical
estimation for bounds of kinetic energy are obtained:

'" j--~-'... .. (/>(11 d ) ...... ¢(tl d )
J T(ti) - J.. -" 'I ~ fT(L1) ~ JT(Li) + -_..':.._.!.'..

, E(i) " v I '" , E(i)' (67)

As an example. we assume that the probability II~ is distrihuted following Poisson's
law and that the continuous media is a simply supported heam in flexural motion. Then
thc eigcn angular frcquencies are given by:
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when: E is the Young's Modulus and p the mass by unit volume.: of the.: beam mate.:rial. L
is the.: Icngth and" the.: thickne.:ss of the.: be.:am.

Figure.: 3 shows the.: e.:xpe.:cte.:d value.: E(y') ve.:rsus the.: driving ,tngul,lr fre.:qlle.:ncy. Thre.:c
cllrve.:s an: pre.:se.:nted for dillerent values of the parame.:ter i. of Poisson's law. The mean
value and the standard deviation of Poisson's law are respectively equal to A. and ji,. from
a physical point of view a small value of A. indicates that the error is concentrated over a
lew modes of low resonance frequencies, a large value indicates that the error is distributed
over a large number or modes situated at higher frcquency. It can be noticed. from Fig. 3
that the following tendencies apply:

--at a given frequency. E(',/) decreases with i. indicating that the bounds on energy
increase when the error is concentrated over a smaller number of modes;

-EV) is a decreasing function of the frequcncy. and tcnds to unity. E(y') is then
considerably greater than '11/2 and the statistical distribution of the error of description
provides a strong reduction of the uncerlainly range of kinetic energy when compared to
the deterministic bounds (47).

7. UNCERTAINTY BOUNDS OF KINETIC ENERGY FOR APPROXIMATE SOLUTIONS
OBTAINED BY TRUNCATED MODAL EXPANSIONS

The expansion of solutions over the normal modes of vibration is a widely used method
to approximate the disphlcements and stress lields. The main problem that arises when
applying the method is the choice of the modes that havc to be taken into account to give
good approximations. A criterion of convergence is obtained using the bounds of kinetic
energies to estimate the quality of the approximate solution.

Let us consider an approximate solution (a
"

• ti,) obtained by truncated modal expan­
slon:

a" = 2: a"a':i
"e1

ti, = 2: h"tt,.
no::.!

(68)

(69)
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I is the set of the indices of modes taken into account in the calculation of the
approximate solutions. In general. the following two particular sets are considered:

(a) r is the set of index.es of modes for which resonance frequencies are located in a
band around the excitation angular frequency:

(70)

(b) I;) is a particular case of set r. obtained by setting nil = 0 in order to take into
account all the modes for which resonance angular frequency are lower than n,:

(71 )

To determine the kinetic energy uncertainty bounds associated with approximate
solutions (68) and (69). it is possible to use the inequalities (46). However these bounds are
generally large and for particular approximate solutions, narrower bounds can be obtained.

let us consider the differences between the exact and the truncated modal expansion
of stress and displacement fields:

a'i - aij = L a.a7i
neN-f

/I, - ti, = L hn /l7.
ne N f

Introducing (72) and (73) into inequality (32) gives

(72)

(73)

II ali - riil' /II - til II ~ ~ L
,,~11< ,f

It follows, using (43), that

(74)

with

J = Min r•.
neN -f

(75)

(76)

This inequality (75) is equivalent to (44); thus we obtain, in the same way as in Section 4,
the bounds:

~T(.) - JcP(li,. tTl) ~ ~T(.) ~ f T( '-)'+ J~(;;,:a,~)
v' 1 \U,} J "" v' 1 \lIi } ~ V I' U/ J' (77)

(77) is formally equivalent to (46) but J is always greater than r, thus, for a given
measure of the error of description by the functional cP(ti,. a'i)' the uncertainty bounds are
narrower for modal ex.pansion approximation than for the general case.

let us now examine the values of e5 for the particular sets r and l~:
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15' = Min r.
"E .... -r

c5;) = Min r ..
nE'--I;,

After calculation one obtains:

-. . [(0,)2(1 0 0, 1

2 I I .\2)J() = mm -- - -:x, + --, :x, - 1 - /"
, ~ ".1 0 10, 0 1+,,-

with

183

(78)

(79)

(80)

(81 )

(82)

An examination of expressions (80)-(82) shows the two basic tendencies:

(a) ()' increases as 0" decreases and/or 0 I increases. that is when the number of modes
taken into account for the c'llculation increases. The same tendency remains true for 15;)
that increases with 0 1, So. when the number of modes taken into account increases. the
kinetic energy uncertainty bounds become narrower as the result of both decrease of the
residual functional and increase of ()' (n;sp. i5;,).

(b) The asymptotic values obtained in the case n l > 12 are:

PU)

(X4)

I);, is thus much greater than J', antI for a given value of the residual functional. the
approximation using the set I;, gives smaller uncertainty bounds than the approximation
using r.

x MO[HL EXPA~SION OF TilE ACOUSTIC RESPONSE OF A ROO~I

Let us consider a slluan: room with Neumann boundary conditions. The acoustic
pressun: p and displacement X,. solutions of the probkm must satisfy the following ellua­
tions:

p02X,+p, = 0 in V

X. = 0 on S.

with

V: volume of the room
S: boundary surface of the room
p: mass per unit volume of acoustic medium
c: velocity of sound
'1: damping loss factor

(85)

(86)

(87)
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s: acoustic sources
X": normal acoustic displacement on boundary.

This problem is formally identical to the reference problems (1 )-(4). and therefore
introducing the residual functional (88). the results of previous sections can be applied. In
particular the bounds (77) can be used to study the validity of truncated modal expansion

</>(p....() = i (l-pn~.r,+p.il~!pn~+IP+PC~(I+I·'l)X,,-SI'·'-II"_'-»)dl'. (88)
I pe( +rr

The solution of problems (87)-(89), when expanded over eigenmodes. takes the form:

mr Inn fn
P= LLL A"m, cos L x I cos LX, cos i X.l

(n,m.r)E I I ~ -'

with

A"/I1' = [ 1:/1

1
:",1:,( )']

OJ/1m,. ..

1- (I +}'l)n-

(89)

(90)

(91 )

(92)

(93)

I:/Ig if n = ()
if II #- ()

eigen angular freg uency of the room mode (fI, m. f)

dimensions of the room
set of indexes (n, m, f).

Let us consider a pulsating rectangular source of dimensions (ai' a~, ad located at (: I'

=,. =,).
Introduction of the approximate solutions (P. ;r,) into the residual functional (88)

gives. after calculations:

(94)
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Fig. 4. Room acoustic energy versus excitation frequency for three modal expansions (0, = 4000.
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{

L, (. lilt ( ll,) . lin; ( ll,))
S'(")~"lt StilL, ='+2 -SIIl L, ='-2

5,(0) - ll,
if" # O. (95)

It can be seen from expressioll (94), that the residual functional decreases and goes to
zero as the set 1 increases.

The approximate acoustic energy of the room is given by:

(96)

If the set of indices 1 is chosen in order to be an I;, set, then:

(97)

The bounds (77) can be used to give uncertainty bounds of acoustic energy, associated
with a Iruncated modal expansion.

Figure 4 shows the influence of the number of modes taken into account in modal
expansions of the acoustic energy.

At resonances the acoustic energy is almost perfectly described. especially when the
excitation angular frequency is wcll below 0,. Betwcen two resonances the energy uncer­
tainty is large. especially when the excitation angular frequency is close to 0,.

As a general rule it can be said that for a givcn modal cxpansion, the higher the energy
level, the bettcr the description.

9. REMARKS

(a) Local ellergy. Bounds have been given for the energy of the whole medium. If one
is interested in local energy. however. for example local kinetic energy t( Vi):
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t( V,) JpO'; r',I' de. with c' c; V

r' : local volume.

it is possible to obtain bounds in the following way,
First let us remark that the local energy is less than or equal to the total energy:

t( V,) ..,,; T( V,).

Then, applying this inequality to the particular displacement field.

v, = II, -Ii,

and using (44) one obtains:

[n the same way as in Section 4 this gives the bounds for local kinetic energy:

;-: (4,(II,,-aj /-- /----;-- J;j;(~,:afi)
I t(u ) - --- ~ t(u):<! t(1I ) + -_..... -.--_.-

\t ' 'I} r "'\t '''''I,' r'

(98)

(99)

( 100)

These bounds show that the absolute uncertainty for local or total energies is the
same. and that the relative uncertainty is greater for local energy, This is consistent with
experimental results. as it is more difficult to measure local quantities pn.:cisely than it is to
measure global ones.

In addition it can be said that it is impossible to lind narrower bounds than (100) as,
in the general Clse. the error of description can be concentrated in the local volume
considered,

(b) 71,c casc aj" mm-proparti(}fwl dampill9 material. To derive the energy bounds we
assume a particular case of viscoelastic mataial satisying the stress·strain relation (2), i.e.
an isotropic Voigt material with equal loss factors for Young and Coulomb moduli. For
more complicated materials the problt.:m is even greater to solve, as orthogonality properties
of elastic eigenmodes arc not true for such materials,

However it is possible to simply obtain bounds using the t:lct that for a given system,
an incn:ase of damping decreases the response and thus kinetic :ll1d clastic energy, For
example. let us consider an isotopic Voigt material with ditrcn.:nt damping loss factors for
Young and Coulomb moduli:

E( 1+ !llr)

GO + i'I,;)·

(101 )

(102)

The stress strain relation of that material is not of the form given in eqn (2). and the
exact kinetic energy T(II,) cannot be bounded directly with (47),

Nevertheless, let us introduce the two associated probkms. with same equation of
motion (I) and boundary conditions (3) and (4) but different stress-strain relations:

( 103)

(104)

Noting f,;(lIn [resp, Tdll;i)]. the kinetic energy of the exact solution of the problem with
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stress-strain relation (103). [respectively (104)]; and assuming for example "E> "G' one
can say:

(105)

As the stress-strain relations (103) and (104) are of the form of eqn (2). it is possible to
bound Tt<II~) and TG(II~) with (47). and then use (105) to obtain:

J"-J.. (" ") -- h-J.. (" " )
~.(")_ -'I'E 11,.(1" ~ ~T() ~ l-r.(")+ V -'I'G U,.(lij

'Ii. t II, '" V J 111,1 '" Y 1 Ii II,

"E "G
(106)

with (a,/. Ii,). appro:<imate solution and ¢t(/i,. au) [resp. ¢r;(/i,. al/)]' residual functional built
with stress-strain relation [( 103). (resp. (104)].

10. CONCLUSION

This work provides a method of bounding the kinetic and displacement energies of a
viscoelastic solid using a residual functional associated with statistically and kinematically
admissible stress and displacement fields. Compared to previous works of Skudrzik (1980.
19X7) and Popplewell and Youssef (1979) and Popplewell £'1 al. (19XI). our method is
general and gives the possibility of introducing statistical bounds and studying particular
types of appro:<imate solution like modal e:<pansion.

In this paper. the general case was studied first showing that the bounds on energy
depend on the value of residual functional and a factor strongly variable with frequency
(at resonance frequem:ies the bounds are amplified. especially for low structural damping).
Introducing the probability of a mode to participate in the dil1crence between exact and
approximate solution allows us to give an expected value of the l~tctor and then to give
statistical bounds on energy considerably reduced when compared to that of the general
case. Finally. the method was applied to approximate solutions obtained with a truncated
modal expansion; this gave a criterion of validity of the truncated expansion.

Our attention was focused on kinetic energy as this quantity is generally used in vibro­
acoustic problems, however, we show that the results can be extended to displacement
energy.
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APPENDIX

Let us slart with expressIOn (19) or the norm:

, (I I'HV,.r"I' = ,~, lu.-(I+/'1)h. (AI)

For a given displacement lield I',. one minimizes the norm with respect to the stress lield 17". writing:

"-:;- ile,.r,,'j' = 0 'In
ru"

"~ IlL',. r"II' > 0 V".
('\.1;

That is to say:

( p,'
----- +···:'>0.
1+'1' n

Relation (A5) is verified. and then the minimization conditions reduce to

{/" = h":x,,

with

Introducing (AI» III (A I) one l'htains:

with

Inequality (AX) is used in Scction 4.
A S!."COIll! lower bound of the norm is obtained minimizing with respect tu V" fur a given stress field r,,.
T;lking into acellunt the modal expansiun of V, une writes:

(A1)

(A3)

(A4)

(A5)

(A6)

(A7)

(AS)

(M)

{,

'h'.. II V" r" II' = 0 V"
{ .
(,

_/ ' II V" r" ii' ;> () '1".
f"';

After calculatiun one ublains :

IIV,.r"II';;, L ~.la.I'E.
.-1

with:

. . /"'. nl'~. = 11-(1 +/'1)11.1"/(1 +'1.)+ nO' -11.·-
(lJ"

and

Inequality (AI2) is used in Section 5.

(A 10)

(All)

(AI2)

(AI3)

(AI4)


